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Abstract 

In this work the generation of generalized Chern-Simons terms in three dimensional quantum 
electrodynamics with high spatial derivatives is studied. We analyze the self-energy corrections to 
the gauge field propagator by considering an expansion of the amplitude up to third order in the 
external momenta. The divergences of the corrections are determined and explicit forms for the 
Chern-Simons terms with high derivatives are obtained. Some unusual aspects of the calculation 
are stressed and the existence of a smooth isotropic limit is proved. The transversality of the 
anisotropic gauge propagator is also discussed. 
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I. INTRODUCTION 



A great deal of attention has been devoted to the analisis of possible effects of the space 



time anisotropy. These studies involve different areas as gravity and cosmology 



1], string 



theory [2j and condensed matter systems In particular, in the context of quantum field 
theory (QFT), this possibility appears as a tool to study nonrenormalizable theories since it 
improves the ultraviolet behavior of the perturbative series, in spite of violating the Lorentz 
symmetry. Actually, a lot of Lorentz violating situations has been studied, encompassing 
noncommutative models Q|, the extended standard model and graphene physics jg] and 
furnishing bounds to Lorentz breaking parameters Q]. 

The main characteristic of the anisotropic or Lifshitz-like theories is the different behavior 

r, 

between space and time coordinates under a general scaling x l — > bx l whereas t — > b z t |8J, 
where z is the critical exponent; it dictates the renormalizability and the anisotropic behavior 
of the theory such that a greater value ameliorates the ultraviolet behavior. It was argued 
that the four-dimensional gravity becomes renormalizable when z = 3, for example js]. 
However, the implementation of this kind of anisotropy introduces unusual aspects in the 
general setting of QFT and therefore it is important to carefully investigate the consequences 
of this new approach 10, ll| . 



One special situation concerns the Chern-Simons (CS) theories, which have a prominent 
status on the 2+1 dimensional physics [12j. When the CS term is added to the quantum 
electrodynamics (QED) Lagrangian, the generation of mass for the gauge field happens with- 



out gauge symmetry breaking U M- Moreover, m gauge theories the CS term naturally 
emerges from quantum corrections to the gauge field pro pag ator [14| . Beyond that, appli- 



cations have been devised to condensed matter physics [6|, |15] and string theory [16| as well. 
In particular, in condensed matter physics, the most known effects related to the theories 
containing the CS term are the quantum Hall effect |l7| and superconductivity with high 
critical temperature 18]. Therefore the study of the influence of the spacetime anisotropy 
on the theories involving the CS term is certainly relevant for a proper understanding of the 
2+1 dimensional physics. 

In this work we will analyze the new contributions to the self-energy of the gauge field due 
to anisotropy in the z = 2 case up to one loop order in small momenta regime. In particular, 
possible corrections to the CS term will be studied. On general grounds we expect that the 
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leading CS corrections have following form: 

C cs = ae^A p d p A u + be^AA^d p A u + c e^d 2 A^d p A u , (1) 



where A denotes the Laplacian. In an interesting paper [19], where the isotropic spacetime 
was considered, a CS term with structure similar to (0Q) was employed. In that situation the 
Laplacian was replaced by a D'Alambertian and c = 0, so that the gauge propagator shows 
two massive excitations, one of them being a ghost like. 

By starting from ([T]) with c = 0, so that there is at most one time derivative, and adding 
the Maxwell term, 

Ca = -\F^-±{d»A»)\ (2) 

we obtain the propagator 

[ ) ~ [k 2 - (a - bk 2 ) 2 ) [ 9 k 2 k 2 ) + 

ik»k v i(a-bk 2 ) 2 k^k u 

+ " " ^ , 3 



Xk 2 [k 2 - (a - bk 2 ) 2 } Xk 2 [k 2 - (a - bk 2 ) 2 ] 
which does not contain particle like poles and, for small momenta, indicates disturbances 
propagating with squared velocity (1 — 2ab). In this work we will also check the consis- 
tency with respect to the gauge symmetry of these corrections through the verification of 
the transversality of the self-energy correction to the gauge field propagator. Our calcula- 
tions show that, analogously to the relativistic situation, although finite the coefficient a is 
regularization dependent. 

This work is organized as follows. In Sec. [Ill we introduce high derivative terms in the 
Dirac and Maxwell Lagrangians and analyze the CS generation and the characteristics of 
the self-energy of the gauge field. For simplicity, our calculations will be restricted to small 
momenta regime. In Sec. II I II we discuss the transversality of the corrections to the gauge 
field propagator. Sec. HVl presents some concluding remarks. Two appendices are dedicated 
to detail some aspects of the involved calculations. 

II. GENERATION OF CHERN-SIMONS TERMS IN THE ANISOTROPIC QED 



We begin our study of the effects of the anisotropy on the gauge field propagator and 
the CS generation by considering the modified Dirac Lagrangian, containing a high spatial 
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derivative of second order 

£ = j^DoW + 6^(17* + WW A)> - M^if), (4) 

where i = 1, 2 and _D M = <9 M — zev4 M (/x = 0, 1, 2) is the covariant derivative. To obtain the 
QED Lagrangian we add to (j4]) the Maxwell term, which contains high derivatives as well 

C M = i (FijAFij + 2F M F„.) = i F«AF« + \d,A od ,A - 3 A,3,A + ±<MA4, (5) 

in which i*y = djAj — djAj. Note that the above contribution exhibits a mixture among 
space and time components, which as we mentioned, have distincts scale behavior and may 
cause complications on the calculations involving the gauge field propagator. It is possible, 



however, to avoid the mixed propagators by conveniently choosing the gauge fixing [11 ]. 
Nevertheless, for our purposes, as the gauge field propagator does not appear in the calcu- 
lations, that trick is useless and we will keep an inespecific gauge fixing, Cj. 
We can rewrite (pE} and define the Dirac anisotropic Lagrangian 

c v = ^7° W + W + h^dif^ - mw, (6) 

where 7 M indicates a 2 x 2 representation of the Dirac gamma matrices. Finally, up to 
irrelevant surface terms, the interaction Lagrangian is 

C x = eV(7% + hYA)^ + e 2 & 2 ^(fA)^ + ieb^yd^ - d^f^^Aj, 

= V 1 + V 2 + V 5 + V 4 + V 3 , (7) 

such that the total Lagrangian is Cq- = Cm + Cj + C-p + Cx- In ((7j) we introduced a notation 
for the vertices where, V\ = e^(7 o A o )"0, V 2 = ebiipi^ 1 Ai)ip, etc. These vertices, fixed by Cx, 
are graphically represented in Fig. ([I]) in such way that the space and time component are 
considered separately. Observe that some of the new vertices contain derivatives, wich causes 
a worsening of the ultraviolet behavior. The anisotropy modifies the kinetic terms of C-j and 
consequently the propagators are also changed. For the free fermion propagator we obtain 

S{k) = k 2 - (b 2 + 2M6 2 )k 2 - b 2 k 4 - M 2 ' 

where the hat and the bar denotes the time and space components, respectively, i.e., ^ = 
7°fco, $ = ^ l ki and k 2 = k l k % (in general we will also use the notations ko = ko and ki = hi, 
thus k 2 = k l ki). 




(a) 





FIG. 1: Graphical representation of the interaction vertices. The continuos line stands for the 
fermion field, the dashed and wavy lines are for the Aq and Ai components, respectively. The 
diagram (b) may contain a spatial derivative. 




(a) 





FIG. 2: One loop contributions to the gauge self-energy. 



U'.T -C ab I d z kd d kTr[V£S(k)V b u S(k + p)}, 

n* j = c 5 [ d z kd d kTr[jys(k)], 



To perform the calculation of the corrections to the gauge field propagator at one loop, 
we consider the graphs represented in Fig. ([2]) whose analytical expressions are 

(8) 
(9) 

where V£ is the time or spatial component (/i = 0, i) associated to the vertices defined as 
in ([7]), thus a,b = 1,...,4 and C a b is the momentum independent coefficient correspondent 
to each amplitude. The development of these expressions are discussed in appendix [Bj 

By power counting we find: the diagram ([2]c) is linearly or logarithmically divergent if 
the vertex attached to the wavy line has or does not have a derivative; the divergences of the 
diagram ([2]&) are quadratic if both vertices have one derivative, linear when one vertex has 
a derivative and none in the other and finally logarithmic when none derivative appears in 



the vertices just like in the Fig. (J2]a), which is composed by two external A°(p) components. 

In the sequel we will consider the small momenta regime and Taylor expand the self- 
energy corrections. The usual CS term (i.e. the first term in (TTJ) is obtained from the first 
order terms on the Taylor derivative expansion while the extended CS term (which have a 
form like the second term in (pQ)) is given by the third order terms. Considering that the 
highest divergence is quadratically, the extended CS contributions, which are of third order 
on Taylor expansion, are of course finite. Differently, for the usual CS terms, the algebra 
reduces the degree of divergence of some diagrams only to logarithmic so that they requires 
the introduction of a regularization scheme. Similarly to the relativistic theory, there is an 
ambiguity on the induced CS term (this effect is shown in appendix IB"]) . 

For the even terms in the momentum expansion, which do not contribute to the CS terms, 
the integration on momenta furnishes hypergeometric functions, as indicated in the appendix 
lAl In this case, the divergences are characterized by the Schwinger parameter, x, which 
receives contributions from the hypergeometric and from the coefficients associated to them 
(see Eq. IA2I) . To integrate on the x parameter, we will power expand the hypergeometric 
for small x and d = 2, until its exponent becomes nonnegative. Observe that, here the 
isotropic limit, b 2 — >• 0, cannot be taken singly because it is inconsistent with the small x 
expansion. However, although the divergent terms individually exhibit poles for d = 2, they 
are canceled when summed to produce the total self-energy correction, allowing for a smooth 
isotropic limit. 



III. TRANS VERS ALITY OF THE GAUGE SELF-ENERGY 

In the previous section we discussed the effects of the anisotropy of the spacetime on the 
induction of CS terms and on the gauge field self-energy divergent terms. However, we said 
nothing about the transversality of the self-energy corrections. To ensure this fundamental 
property we can appeal to the conservation of the current which guarantees the transversality 
of the gauge field propagator. Observe that in ([6]) the term of higher derivative acting on if> 
can be, by integration by parts, rewritten as a term with just first order derivatives. This 
allows us to use the usual form of the Noether's theorem. However, due to the anisotropy, 
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it is convenient to analyze the space and time components separately 



T n 9C . , . - dC 

J = TTT^-Stf) + Sip 



dd ^jj 



J = T^—Sip + Si/j- 



(10) 



(11) 



dd k ip T ~ T dd k ip ' 

The global gauge transformation of the fields are dip = iaip, Sip = —iaip and 8A^ = 0. After 
calculating the derivatives in (flOj) . (11 ip and disregarding the parameter (—a) we get 



J k = b^-fif) - ib 2 [(d^hVV - ^7*7*(^)] + e& 2 [^7*7*^ + ^7 fc 7V] A . 
According to the above result, we can write the Lj in terms of the conserved current 



(12) 



2 



(13) 



where in the first term, the argument of the current (A p ) must be taken equal to zero. 
Now, in computing of the self-energy contributions notice that it is equal to 



(T 



6 A, 5A U 



-) oc (W) 



(14) 



where Sj = J Cj is the interaction action; ( TBI) must be transversal due to the conservation 
of the current. 



IV. CONCLUDING REMARKS 

In this paper we studied the effects of the anisotropy of the spacetime on the generation 
of the CS term and on the self-energy correction to the gauge field propagator. We proved 
that this correction is transversal by constructing the conserved Noether's current which 
interacts with the gauge field. 

There are two types of CS terms that may be induced by the radiative corrections, the 
usual CS term which contains just one derivative and the extended CS term with three 
derivatives. Whereas the second type of CS term is always finite, the usual one presents 
results which are divergent but these divergences notabily cancel among themselves when 
the total contribution is considered. Nevertheless, as it happens in the relativistic situation, 
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the coefficient of the usual CS term is regularization dependent and vanishes if dimensional 
reduction is adopted. In these amplitudes, it is interesting to notice that the explicit 62 
factor coming from the new vertices is canceled because it is multiplied by amplitudes which 
diverge as 62 — >■ 0; consequently, in the isotropic limit there are new contibutions which 
produce unexpected results (one example is the just mentioned vanishing of the usual CS 
term if dimensional reduction is employed). On the other hand, as all amplitudes leading to 
the induced extended CS terms are finite even if 62 — > 0, the isotropic limit for these terms 
is smooth remaining only the contributions coming from the usual vertices. 

By considering the Eqs. (IB32[) and (IB33[) . the induced CS terms can be written as 

nM „ [<V + P 2 + P 2 (bj + Amb 2 )] e 2 b\e^Pp p 
cs 48vrm 2 (62 + 4m6 2 ) 1 ' 

in accord with our proposal (pQ). Notice that the breaking of the Lorentz invariance is a very 

simple function of b\ and 62 and that in the isotropic limit with b\ = 1 the Lorenz symmetry 

is restored. 
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Appendix A: The calculation procedure 

In this appendix we will describe the procedure employed to calculate the Feynman 
diagrams. As an example, consider the third contribution shown in the appendix [B] 

n£(p) = ^ J dkd d k Tr[YS(k)^S(k - p)}. (Al) 

To solve ( lAlj) we adopt the dimensional reduction scheme, in which all the algebra of 
the gamma matrices are done in d — 2 and afterwards the integral is promoted to d di- 

8 



mensions 



20] . Therefore, the leading term in the Taylor expansion, i.e. the term with 
(p = 0,p — 0) is 

^ 2g^[M 2 - k 2 



(eh) 2 
(2n) 3 



dkd d k 



b 2 k 2 (-k 2 b 2 - 2M)] 



(k 2 -k 2 {b\ + 2Mb 2 



k% 2 



M 2 y 



To perform the above integral, we use the Schwinger's representation and integrate on the 
momenta. The result is very extensive, therefore we will consider just one of the terms which 
leads to a divergent result: 



e -iM*x x -d/A ^ 



d + 2_ l_ix{b 2 + 2Mb 2 ) 



4&1 



(A2) 



4 '2' 

where x is the Schwinger parameter and \F\ denotes the hypergeometric function. Note 
that this function is divergent in the limit x — > 0, so we will Taylor expand it, up to get a 
nonnegative power of x for d = 2. Thus we obtain 



x 



d + 2 1 ix(b 2 + 2Mb 2 ) 



4 



4&I 



— > x 



-rf/4 



1 + 2 



d + 2ix(b\ + 2Mb 2 ) 



(A3) 



The final result (1B5|) is obtained by integrating on x and expanding the result around d = 2. 
Observe from the argument of the hypergeometric function in ( 1A2I) that the isotropic limit, 
{b 2 —7-0), is incompatible with the adopted expansion for x — > 0. 

On the other hand, if we consider the subleading term in the Taylor expansion, responsible 



for the usual CS term, i.e. 



on;, 



dp 



p=p=0 



(27T) 



dkd d k 



the result is 



2ie ij0 (M 



b 2 k 2 ) 



(A4) 



(k 2 - k 2 (b\ + 2Mb 2 ) - k% 2 - M 2 ) 2 
To compute the above integral, which is finite by power counting, we simply take d = 2 and 
integrate on the momenta. 



Appendix B: Interaction vertices 

In this appendix we will consider the one loop contributions, for small momenta, to the 
self-energy of the gauge field classifying each graph by its vertices. In particular, for the 
usual induced CS terms we analyze its regularization dependence. 

1. Graph containing the vertices (etp^ipAo) and (etp^ipAo) 

n°? = -^f dkd d k^s{k)^s{k- P )} (Bi) 



Although this amplitude is logarithmically divergent, after performing the algebra, a 
total cancellation among the divergent terms occurs furnishing a finite result. Besides 
that no CS term is induced here. 



2. Vertices (e07VA)) and (eb^YipAi) 

n? 2 = ^ J dkd d k Tr[ 7 ° Sik^Sik-p)} 

This amplitude also furnishes a finite result and the induced CS term is obtained from 
one spatial derivative on its Taylor expansion and is given by 



4tt(6 2 + Amb 2 ) ' 

for three space derivatives we obtain 

e 2 b\ (b\ + 10m 2 b 2 2 + 6mb 2 b 2 ) e 0ia p a p 2 
48irm 2 (b 2 + 4mb 2 ) 2 ; 

for one space and two time derivatives the result is 

e 2 b\ {b\ + Qmb 2 ) e 0m p a p 2 



(B2) 



(B3) 



(B4) 



A8nm 2 (b 2 + Amb 2 ) 2 ' 
3. Vertices {eb\^ % i\)A^) and (ebi^^ipAj) 

l4 = ^ J dkd d kTr[YS(k)^S(k-p)] 

Differently from the previous cases, this amplitude exhibits a divergent result which 
is expressed as a pole at d = 2: 

The induced CS term is obtained from one time derivative and is given by 

e 2 ble ij0 p 



2tt(& 2 + Amb 2 ) ' 

for two space and one time derivatives we find 

_ e 2 b\ {bj + 2Am 2 b 2 + 8mb 2 b 2 ) e^pop 2 
48vrm 2 (& 2 + 4mfe 2 ) 2 : 

and finally, for three time derivatives: 

_ e 2 b 2 (b 2 + 8mb 2 ) e^pop 2 
487rm 2 (6 2 + 4m6 2 ) 2 ' 
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(B6) 



(B7) 



(B8) 



The following case and the amplitudes discussed in the itens 5, 10 and 11 below 
are linearly divergent by power counting. However, after the trace calculation, the 
momenta expansion and symmetric integration the degree of divergence is reduced to 
logarithmic. In these situations, the usual induced CS terms turn out to be finite 
but regularization dependent, like it happens in the relativistic model. In order to 
illustrate this fact we will consider the two divergent terms occurring in the amplitude 

i d T\0i 
dp» L1 13 



of the iten 4. [p a 1 LW i 



p=p=0 



ie 2 bl 



2 e 0i « Pa 



d z kd d k- 



b 2 k 8 + 3k 2 k 4 



(B9) 



4?r 3 1U - J " (fr + (b\ + 2mb 2 )k 2 - b\k A - m 2 ] 3 

The above integral was calculated by two different approaches. First we used the 



Schwinger parametrization, 
1 



r(y) Jo 



dx x y- l e i ^ 2 Hbl+ 2mb ^ 2 - b l k ' l - m2 ) 



k 2 + {b 2 + 2mb 2 )k 2 - b 2 k 4 

and the dimensional regularization, which produced the result: 

e 2 {b\ + 2mb 2 ){bl + 6mb 2 )e 0ia p a 



(BIO) 



327r(&2 + 4m& 2 ) 2 

As the second approach, we considered d = 2 and integrate on the time component 
of the momentum. To integrate on the spatial components we employed a cutoff 
regularization, Ai and A 2 , to the first and second terms, respectively, in ( 1B9I) . Thus, 

we get 



31n(A 2 /A 1 



(bj + Um 2 b 2 + 8mb 2 b 2 ] 
{b\ + Amb 2 ) 2 



e 2 e 0ia p a 
16vr 



(Bll) 



The difference between the two regularization schemes (IBlOp and (IBlip is 



[61n(A 2 /A 1 ) + l] 



e 2 e 0m p a 
32tt : 



(B12) 



such that this residue can be eliminated by redefining the cutoff (A 2 — > e 1 / 6 Ai). This 
is an example of the ambiguity which appears in the calculation of the usual CS term. 

4. Vertices (e^7 ^A ) and {—ieb 2 diip^ l ^ipAj) 



n 



Oi 
13 



e 2 b 2 



dkd d k Trfr S(k)f~f j S(k - p)(ki)} 
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This amplitude does not have a pole-like contributions and the induced CS terms are 
generated by one space derivative: 

e 2 b\e 0ia p a 



8vr(6? + Amb 2 ) ' 

by three space derivatives 

e 2 b\b 2 {b\ + 3mb 2 ) e 0ia p a p 2 
48irm(bj + Amb 2 ) 2 

by one space and two time derivatives 

e 2 b\b 2 p 2 e 0ia p a 



(B13) 



(B14) 



(B15) 



487rm(&i + 4m6 2 ) 2 ' 

Notes that in the computation of (1B13I) (and also for all the usual CS terms) the 
explicit b 2 factor coming from the vertex was canceled by the amplitude which becomes 
divergent when b 2 — > 0. 

5. Vertices (eip^ipAo) and (ieb^^YdiipAj) 

it°4 = ^ J dk^kTr^sik+p^YSikXh)) 

This amplitude does not exhibit regularization poles and the CS term induced by one 
space derivative is given by 

e 2 b\e 0ia p a 



^{b 2 + Amb 2 y 

for three space derivatives we have 

e 2 b\b 2 {b\ + 3mb 2 ) e 0ia p a p 2 
A8nm{b\ + Amb 2 ) 2 

for one space and two time derivatives we obtain 

e 2 b 2 l b 2 p 2 e 0ia p a 
48Ttm(bl + Amb 2 ) 2 ' 

6. Vertices (ebiipY^Ai) and (—ieb 2 d m ijj'y m 'j n ijjA n ) 

n| = ^0 J dkd*kTr[y i S(k)i m i n S(k - p)(k m )] 



(B16) 



(B17) 



(B18) 



In this case the pole part is 

ie 2 blg lj 



2irb 2 (d-2) 
12 



+ finite. (B19) 



For one time derivative we have the following induced CS term 

e 2 b 2 e^p 

for two space and one time derivatives: 

e 2 blble tj0 pop 2 
12tt(6? + 4m6 2 ) 2 ' 

for three time derivatives 

e 2 blb 2 e lj0 p p 2 
2Aitm{b\ + 4mb 2 ) 2 ' 

The previous amplitude as well as the next one are linearly divergent. However, differ- 
ently from the cases in the itens 5 and 6, after performing all the algebra, the integrals 
associated to the induced usual CS terms are finite and thus free from ambiguities. 

7. Vertices (ebiipy-ipAi) and (ieb 2 %i)^ n ^ m d m ipA n ) 

nS = ^jif / dkd d kTr[^ m S(k)YS(k+p)(k m )} 



(B20) 



(B21) 



(B22) 



The pole part is given by 

ie 2 b\g l i 



+ finite. (B23) 



2nb 2 (d- 2) 

To the induced CS terms generated by one time derivative we have 

e 2 b 2 e^p 
4tt(6? + Amb 2 ) ' 

for two space and one time derivatives 

e 2 b 2 b 2 e^ p p 2 
127r(&2 + 4m& 2 ) 2 ' 

for three time derivatives 

e 2 blb 2 e lj0 p p 2 
24irm(bf + Amb 2 ) 2 ' 

8. Vertices {—%eb 2 d i i) r f r )^A^) and (— ieb 2 d m , ip^ rn ^ n i/jA n ) 

14 = 0^ J rf^Tr[ 7 V^)7 m 7 n ^-p)((A:-^)(A; m )] 
The pole part is 

ie 2 b 2 l9 v 



(B24) 



(B25) 



(B26) 



4%b 2 (d - 2) 
In this case no CS term is generated. 
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+ finite. (B27) 



9. Vertices (ieb^^yditpAj) and (ieb2^ / y n/ y m d m ^A n ) 

H " = Wf I d k dd ~ k ^ j Ymi n l m S(k-p)(ki)((k- P ) m )} 



The pole part is 

ie 2 b\g ij 



A7rb 2 (d-2) 

and no CS term is induced. 



+ finite (B28) 



10. Vertices (—ieb 2 d i ijjY / y j i'Aj) and (ieb 2 i'^ m '^ n d n il}A rn ) 

n& = J dkd d k Tr[ 7 m 7 " S{k)^S{k + p){k n ){k t 



To the divergent part we obtain 

ie 2 b 2 g^ 



4nb 2 (d - 2) 

This amplitude does not generate CS terms 



+ finite. (B29) 



11. Vertices (ieb 2 ijj'y j 'y l diipAj) and (—ieb 2 d n ip'y n 'y rn if}A m ) 

14 = J dkd'kTrW^SikWrSik-p)^)^)] 



The pole part is given by 

%e 2 b\g^ 



Anb 2 (d-2) 
No CS term is induced in this case. 



+ finite. (B30) 



12. Vertice {e 2 b 2 ^l i l j ^A i A j ) 

2ip 2 hn f - 
n& = -7^)1 J dkd'kTr^ySik)] 

The pole part resultant from the amplitude is 

ie 2 b\ 



2nb 2 (d-2) 

and no CS term is induced. 



g v + finite (B31) 
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Adding the corresponding contributions shown in the itens 1 to 12, we find that the 
divergences are entirely canceled and for the induced CS terms we obtain 

n ij [ag + P 2 (bj + 4mb 2 ) + p 2 } e*tijf<% 
n ° s ~ 48nm 2 (b 2 + 4mb 2 ) 

and 

u0i [c*oi + fig + 4:mb 2 ) + p 2 } e 2 bje 0ia p a 

LLcs ~ A87rm 2 (b 2 + Amb 2 ) ^ 66) 

where and a 0i are constant parameters introduced in (IB32I) and (IB33[) . respectively, to 
denote the ambiguity introduced by the regularization scheme. We may note that there is a 
cancellation of the usual CS term leaving only regularization dependent terms. This occurs 
due to the contributions of the new vertices introduced by the anisotropy and by the fact 
that their b 2 vertex factor is eliminated after performing the momenta integrals as it was 
discussed in the iten 4. 

In the isotropic limit b 2 — >■ of f]B32|) and f1B33h all the extended CS terms coming from 
the new vertices contributions are cancelled and we get 

e 2 (ay + b\p 2 + p 2 ) e ij0 p 



Ucs 487rm 2 
and 



n: 



Ov 



e 2 (a 0i + b\p 2 + p 2 ) e 0ta p a 



cs 48vrm 2 
By taken b\ — 1 we obtain an expression similar to the one introduced in 



19]. 
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